Please cite this article as: Amoedo, S., Thebaud, E., Gschwendtner, M., White, D., Novel parameter-based flexure bearing design method, Cryogenics (2016), doi: http://dx.doi.org/10. 1016/j.cryogenics.2016.03.002 This is a PDF file of an unedited manuscript that has been accepted for publication. As a service to our customers we are providing this early version of the manuscript. The manuscript will undergo copyediting, typesetting, and review of the resulting proof before it is published in its final form. Please note that during the production process errors may be discovered which could affect the content, and all legal disclaimers that apply to the journal pertain. 
Flexure bearing, finite element method, parameter study, Stirling engine, design method. 
Introduction
Flexure bearings are metal disks with spiral-like slots that enable them to flex in axial direction while exhibiting a much higher radial stiffness. They can be used to support shafts that perform a pure linear motion and are commonly used in free-piston Stirling machines in combination with linear motors. In these applications, their primary advantage is almost frictionless operation without requiring lubrication. They can be used in combination with clearance seals; they are inexpensive and can be easily manufactured by a dye in a punch press.
The concept of a flexure bearing or flexure spring was first introduced and patented by A.
Wolf et al. in 1938 [1] . They used these bearings, mounted in a vibration detector, to capture the Earth's vibrations. Then, in 1981, flexure bearings were first used in a Stirling cryocooler at the University of Oxford [2] . Later, in 1992, Wong et al. [3] optimised a threespiral flexure bearing using Finite Element Method (FEM) which was subsequently experimentally validated. These researchers also showed that the radial stiffness decreases with axial displacement and that the maximum stresses occur at the end of the spiral slot. In the same year, Marquardt et al. [4] proposed a design correlation for flexure bearings where the ratio of radial to axial spring stiffness was used to select the most suitable configuration for their application. The use of correlations in flexure bearing design was further developed by Wong et al. [5] , who, in 1995, performed static and dynamic tests using FEM on a threespiral slot flexure bearing. Their model results, verified through experimental dynamic testing, recommended that the dynamic stresses, rather than the static ones, be used for the fatigue analysis.
In 1996, Gaunekar et al. [6] analysed a three-spiral flexure bearing using FEA and found that the stresses increase with the axial displacement. Furthermore, they found that the axial and radial stiffness tend to have a linear behaviour when plotted against the axial displacement. They also noticed that the bearing's axial and radial stiffness also increases with increasing bearing material thickness. This work resulted in normalised graphs that assist in flexure bearing design.
Automated geometry creation for a three-spiral flexure bearing within Fortran was later achieved by varying the turn angle, thickness, and the outside radius. This work, undertaken by C. C. Lee and R. B. Pan [7] , automated design generation and demonstrated that there were many design possibilities for a given low radial stiffness, but fewer for a high stiffness.
More recently, in 2007, Z. S. Al-Otaibi and A. G. Jack [8] designed a flexure bearing for a linear-resonant motor with experimental validation of the FE results. Their findings suggested that an increase in turn angle of the spiral decreases the stresses and the axial stiffness, while the axial stiffness increases with the thickness of the disk. These findings were later supported by C.J. Simcock [9] who studied a flexure spring using FEM and performed experimental tests using strain gauges to measure bearing stresses. In 2012, S.
Malpani et al. [10] and M.V.Kavade et al. [11] performed a similar FEM study on a flexure bearing by varying the turn angle of the spiral and the thickness of the bearing. They also validated their results experimentally and found good agreement with their earlier work. Furthermore, a modal analysis of the flexure bearing is also carried out using FEM. The dynamic stresses on the bearing are then analysed and minimised for a given design. Finally, as a result of the parameter study, a design method is developed in order to select the optimum geometric configuration of the bearing depending on pre-selected geometric and material design constraints. Large deflections effects for the displacements have been taken into consideration during the FE simulations in ANSYS®.
Geometry and definitions
This investigation considers the variation of geometric parameters, such as the thickness t of the disk, the number of arms n, the turn angle Θ, the diameter of the starting and ending holes d, and the slot width s that determines the arm width w, for a fixed active outer and inner diameter OD and ID, defined as the area that experiences flexure, a fixed stroke, and a fixed radius r 0 at the beginning of the spiral. The flexure bearing considered here had an outer diameter of OD' 90 mm, an active diameter OD of 80 mm, an active inner diameter ID of 20 mm, and a radius r 0 at the beginning of the spiral of 10 mm (Figure 1 ). Also, a centre hole ID' (the inner diameter) with 8 mm diameter provided space for the shaft of the Stirling engine. Its design is based on the Archimedean spiral as described by Al-Otaibi [8] . The flexure bearing analysed has three arms (n = 3), the spirals make 1 turn (Θ = 360°), the arm width w is set to 9.33 mm (for a 0.5 mm slot width s), and the thickness t of the disk is 0.7 mm. Also, the starting and ending holes of the spiral are set to a 1.5 mm diameter d. 3. Finite element analysis
Varying the turn angle and number of arms
The first parameters investigated in this paper were the turn angle of the spirals and the number of arms. The turn angle Θ was varied from 360° to 1080° in 90° increments, while the number of arms n were 2, 3, and 4. For this analysis the thickness of the bearing was 0.7 mm.
Once assembled in the engine, the bearing will oscillate at a specific frequency. In order to determine the permissible operating frequency, a modal analysis has to be carried out to find the natural frequency of the bearing in order to avoid the destructive consequences of resonance.
For this analysis, the displacement of the central area was held unconstrained in the axial direction, while the outer rim was fixed to meet the real boundary conditions. These conditions are shown in Figure 2 where the shaded area around the centre hole is free to move in axial direction, while the shaded area at the outer rim is fixed. These conditions were used for both the radial and axial tests. In the first case, a static bearing load was applied radially at the centre hole at zero stroke while a dynamic force was applied axially in the second test. In both cases the outer rim remained fixed. The material chosen for all the analyses was AISI 5160 which has the same characteristics as the materials used for metal springs (i.e. stainless steel with high yield strength), with a Young's modulus of 210 GPa, a Poisson's ratio of 0.29, and a density of 7850 kg/m 3 . Figure 3 shows the mesh used for the analysis conducted with ANSYS 15. The meshing parameters were set to have a great number of elements at the starting holes of the spirals, where the stresses are expected to be concentrated. Resonance causes unexpected motions on the bearing that can lead to premature failure if the operating frequency is near the natural frequency. In order to avoid this situation, an operating frequency below the natural frequency was selected for the subsequent analysis within this study. Comparison between the results of the modal analysis and those given by
Wahl's correlation [12] , shown in Figure 4 , shows that the natural frequency decreases with increasing turn angle and increasing number of arms, however, with a much stronger 7 influence of the turn angle. It can be noticed that there is a good correlation between
Wahl's correlations [12] and FE results. Subsequently, a dynamic load was applied axially at the centre of the bearing to achieve a 10 mm displacement of the central area at a frequency of 15 Hz. The FE analysis of the radial test was performed for a bearing load of 10 N. With the results of these two tests, the axial and radial stiffness can be calculated as In terms of the radial stiffness, shown in Figure 6 , the theoretical values agree well with the FE predictions above turn angles of 450°. Flexure bearings require a high radial stiffness k r and a low axial stiffness k a to effectively operate. For comparison of the different designs, the k r over k a ratio was considered. This stiffness ratio, shown in Figure 7 , decreases with increasing turn angle of the spiral, however, it decreases with the number of arms. Again, there is good agreement between the theoretical values and the FE results, even for small turn angles. 
Variation of the bearing arm width
Here, the number of arms, the turn angle ߠ and the thickness were held constant. The tests and the boundary conditions were the same as in earlier testing (Table 1) . Under these conditions, the slot width was varied from 0.2 mm to 1.2 mm which corresponds to an arm width which can be obtained directly from the slot width s and the pitch p, which is set at p = 12 mm, by
as listed in Table 2 . The theoretical results of the radial stiffness vs the arm width, Figure 10 , show a similar trend to those found by FE analysis in that the stiffness increases almost linearly with increasing arm width. Of note is that the discrepancy between the theory and the FE analysis increases for lower arm width values. Also, the theoretical axial stiffness, Figure 11 , tends to be underestimated when compared to the FE results, and again, the discrepancy increases with smaller arm widths. The change of the stiffness ratio with increasing arm width is displayed in Figure 12 . Here, as the arm width increases, the stiffness ratio also increases in almost a linear fashion.
However, the theory underestimates the FE results and is offset by almost 10%. The natural frequency, however, stays steady at 24. 5 Hz for all arm widths tested as noticed during the FE analysis. As expected, the Von Mises stresses are higher when the arm width increases ( Figure 13) which is due to the fact that a larger force is required to achieve a 10 mm displacement of the centre area of the flexure bearing due to the higher stiffness. 
Varying the bearing thickness
Previously the bearing thickness was set to a fixed value of 0.7 mm, however, the variation of this parameter was also investigated. The flexure bearing geometry selected for this analysis consists of 3 arms, a turn angle of 540°, and a 6.1 mm arm width. Again, a dynamic force was applied at a frequency of 15 Hz. Results from the FE analysis show that the axial stiffness and the natural frequency increase with increasing bearing thickness. Additionally, when the k r /k a ratio is considered, the thinnest bearings exhibit the highest stiffness ratios as shown in Figure 14 . This result agrees with what was found by Gaunekar et al. in their earlier investigation [6] . Also, good agreement between the theoretical and the FE values of the k r /k a ratio was found. 
Varying bearing end of slot hole sizes
Finally, another FE analysis was carried out to investigate how best to minimise the stress concentration experienced at the starting holes. For this study, the diameter of the ending holes was varied from 1 mm to 6 mm. During this part of the investigation, the flexure bearing had 3 arms, a 6.42 mm arm width (0.2 mm slot width), a 0.5 mm thickness and a turn angle of 540°. The dynamic load was applied at 15 Hz frequency. The maximum Von
Mises stresses on the bearing are plotted over a range of hole sizes in Figure 15 .
The results show that a minimum in stress occurs at around the 4-5 mm diameter range to stress values of 440 MPa to 340 MPa. It should be noted that this optimal value of the diameter hole is valid only for the design tested. An interesting observation was that the variation of the hole diameters did not significantly change the performance of the flexure bearing in terms of stress ratio or natural frequency. Also, the location of the maximum stress did not change. The hole diameter appears to be a useful parameter to reduce the peak stress occurring at the ending holes. 
Optimal bearing specifications

Fatigue analysis
As mentioned above, it is desirable that a flexure bearing in a Stirling engine application has a high radial stiffness with a low axial stiffness (i.e. a high stiffness ratio). The bearing must also have a theoretically infinite endurance life. The fatigue analysis for the flexure bearing was done following a standard procedure by multiplying the endurance limit of a rotating beam specimen with a number of stress-raising factors [14] :
where S e is the endurance limit of the flexure bearing, S' e is the endurance limit of the rotating beam specimen, and c x are the various stress-raising constants. The constants c x were determined through the use of charts [14] and are independent of the material except for c a . S' e depends on the material selected, however, it is constant for materials with a tensile strength above 1380 MPa. For these materials the c a factor is also constant. So, for materials with an ultimate tensile strength above 1380 MPa (which holds for most stainless steels) a maximum fatigue stress value of 366 MPa was chosen in order to obtain an infinite bearing fatigue life. This ultimate tensile strength was used in this investigation as a reference in all simulations performed and curves plotted. However, due to the linear 
New graphical design tool
Optimising a flexure bearing for application-specific geometric and material constraints takes time and requires a large number of finite elements simulations. A graphical design process was therefore developed based on this study to facilitate the task of selecting bearing characteristics in order to achieve the highest possible stiffness ratio for infinite life.
In developing this design tool, the set parameters are rendered dimensionless. Then, applying both the theoretical formulae and finite elements results previously presented by this investigation, a series of graphs can be generated allowing the designer to sequentially select each geometric dimension after another.
The characteristics of a bearing can be divided into two categories -the user's parameters and the designer's parameters. The user's parameters are the boundary conditions such as the outer and inner diameter of the bearing, bearing material properties, and the axial displacement Δx as required in the application. These parameters are determined by the situation and are dependent on the application. The designer's parameters, on the other hand, are all other parameters of the bearing that determine the stiffness and endurance life, such as:
-the number of arms n -the arm turn angle θ -the thickness t -the slot width s -the ending hole diameter d
These parameters can be found by the designer during the selection process.
The bearing design tool developed in the following sections is divided into three distinct steps. The first step allows the designer to determine the arm width of the bearing for 2, 3 or 4 arms, for a given ratio of displacement to outer diameter, and for an available sheet metal thickness. The second step yields the value of the stiffness ratio. By comparing this ratio for each number of arms the designer can determine the final number of arms. The third step uses the obtained arm width to determine the pitch of the bearing and the turn angle of the spiral corresponding to this pitch.
The user-specific geometric dimensions are made dimensionless by dividing each by the outer diameter. The outer diameter was chosen because it is the predominant constraint in the design of a Stirling machine in this context. For example, the outer diameter of the flexure bearing may be chosen based on the cylinder diameter. In order to simplify this process the slot width and the starting hole diameter should be pre-selected, although they can be refined at a later stage using finite element analysis. The charts in Figure 16 are based on the results from FE analysis where the maximum stresses were kept below the endurance limit and are plotted for an ultimate tensile strength of 1.4 GPa as a reference, which is a typical value for stainless spring steels. For any other material, the respective ultimate tensile strength needs to be divided by this reference. This ratio will then need to be multiplied by Δx/OD as indicated in the first step chart. The selection process and the use of the charts is explained with the following example. The numbers refer to Figure 16 .
First step:
The first step needs to be carried out for 2, 3 and 4 arms each (only 2 arms shown here). It allows the designer to determine the arm width of the bearing while meeting the requirement for infinite life. For an available or convenient sheet metal thickness (1) and a
given Δx/OD ratio a horizontal line can be drawn (2) until the line intersects with the respective t/OD curve. If this line crosses the thickness curve twice the designer may choose the largest arm width. This intersection point determines the w/OD ratio and therefore the arm width w (3). The final number of arms will then be determined in the second step.
As seen earlier in this study, the stiffness ratio increases with the thickness and the arm width. If there is more than one possible solution, the designer is free to select a different thickness depending on whether the focus is more on the radial or axial deformation. At the end of this step the designer has a thickness and an arm width value for each number of arms.
Second step:
In this step the stiffness ratio is calculated as a function of the arm width and the thickness based on Wahl's correlation [12] :
This correlation is the most accurate one for the calculation of the stiffness ratio as described previously. The constant k 3 varies from 1.22 to 1.4 for w/t ratios between 5 and infinity, which is the case for flat arms.
In this graph the stiffness ratio can be found on the vertical axis (6) for the w/OD value (5) found in the first step, for the selected bearing thickness (4), i.e. the t/OD ratio that all the curves in this graph are plotted for.
Third step:
In the third step the designer finds the pitch of the bearing leading to the selection of the turn angle of the bearing The line that is denoted by '2 arms' represents the dimensionless pitch as a function of the w/OD ratio and was created by using the following correlation:
Also plotted in this graph are the curves for different turn angles in degrees as a function of the ID/OD ratio based on the following relationship:
Where the vertical w/OD line intersects with the diagonal '2 arms' line (7), a horizontal line can be drawn. The dimensionless pitch can be found on the vertical axis (8) . Finally, for a given ID/OD ratio a vertical line can be drawn (9) and a suitable turn angle can be found nearby the intersection with the previously drawn horizontal line (10) . In the given example, a turn angle of 540° appears to be suitable.
At the end of this step all the geometric dimensions of the bearing have been found. A final rapid finite elements analysis may be carried out to refine the slot width and the starting hole diameter in order to check the exact stress values, and the radial and axial stiffness of this configuration.
(Footnote: Proper diagrams in pdf-format can be emailed by the corresponding author on request.) 
Conclusion
The geometric parameters of a flexure bearing were varied in a FEM analysis in order to determine their influence on axial and radial stiffness, as well as on maximum occurring stresses. A dynamic and modal analysis was carried out to identify the best geometric parameters for infinite life of the bearing at a highest possible radial to axial stiffness ratio.
The approach presented here can be applied to optimising other flexure bearings with different specifications. A graphical design tool has been developed to assist designers to select a proper bearing configuration for a given situation. This design method allows designers to quickly pre-dimension a flexure bearing; however, a FE analysis is still recommended once the geometric parameters have been chosen to further refine the performance values since this approach is based on some simplifying assumptions.
The results of this study are summarised as follows:
• The natural frequency of the bearing decreases with the turn angle and number of arms of the spiral.
• The stiffness ratio is a useful design criterion to evaluate the performances of flexure bearings; it decreases with the turn angle and the number of arms. This ratio can be improved by increasing the arm width and reducing the thickness of the bearing.
• The stresses of the bearing are concentrated at the starting holes of the spiral. These stresses can be reduced by increasing the number of arms and the turn angle of the spiral, or by reducing the bearing thickness and the arm width.
• Flexure bearing design is a compromise between the stiffness ratio and the maximum stresses at the starting holes.
• The new graphical design method presented here is a useful tool for flexure bearing pre-dimensioning that can be directly used for any stainless steel spring material, or apportioned by ratio of ultimate strength for any other spring material, and any common configuration; although a FE analysis is recommended after this process to further refine bearing performance.
